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Abstract. We study the numerical index of absolute sums of Banach spaces, giving general con- 
ditions which imply that the numerical index of the sum is less or equal than the infimum of the 
numerical indices of the summands and we provide some examples where the equality holds covering 
the already known case of eg-, i\- and ^oo-sums and giving as a new result the case of _E-sums 
where E has the RNP and n(E) = 1 (in particular for finite-dimensional E with n(E) = 1). We 
also show that the numerical index of a Banach space Z which contains a dense increasing union of 
one-complemented subspaces is greater or equal than the limit superior of the numerical indices of 
those subspaces. Using these results, we give a detailed short proof of the already known fact that 
the numerical indices of all infinite-dimensional L p (/j)-spaces coincide. 



1. Introduction 

Given a Banach space X, we write Bx, Sx and X* to denote its closed unit ball, its unit sphere 
and its topological dual and define 

TL(X):= {{x,x*)£ S x x S x * ■ x*(x) = l}, 

and denote the Banach algebra of all (bounded linear) operators on X by L(X). For an operator 
T 6 L(X), its numerical radius is defined as 

v(T) := sup{|a;*(Ta;)| : (x,x*) € II(X)}, 

which is a seminorm on L{X) smaller than the operator norm. The numerical index of X is the 
constant given by 

n(X) := M{v(T) : T £ L(X), ||T|| = 1} = max{fc ^ : k ||T|| < v(T) VT G L(X)}. 

The numerical radius of bounded linear operators on Banach spaces was introduced, independently, by 
F. Bauer and G. Lumer in the 1960's extending the Hilbert space case from the 1910's. The definition 
of numerical index appeared for the first time in the 1970 paper [6J, where the authors attributed the 
authorship of the concept to G. Lumer. Classical references here are the monographs by F. Bonsall 
and J. Duncan [3] from the 1970's. The reader will find the state-of-the-art on numerical indices 
in the survey paper [TT] and references therein. We refer to all these references for background. Only 
newer results which are not covered there will be explicitly referenced in this introduction. 

Let us present here the context necessary for the paper. First, real and complex Banach spaces 
do not behave in the same way with respect to numerical indices. In the real case, all values in 
[0,1] are possible for the numerical index. In the complex case, 1/e ^ n(X) ^ 1 and all of these 
values are possible. There are some classical Banach spaces for which the numerical index has been 
calculated. For instance, the numerical index of Li(/i) is 1, and this property is shared by any of 
its isometric preduals. In particular, n[C(K)j — 1 for every compact K. Also, n(Y) = 1 for every 
finite-codimensional subspace Y of C[0, 1]. If H is a Hilbert space of dimension greater than one then 
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n(H) = in the real case and n(H) = 1/2 in the complex case. The exact value of the numerical 
indices of L p (fi) spaces is still unknown when 1 < p < oo and p 2, but it is is known [JJ [5] that all 
infinite-dimensional L p (p) spaces have the same numerical index, which coincides with the infimum of 
the numerical indices of finite-dimensional L p (fi) spaces, and the result has been extended to vector- 
valued L p spaces [3]. It has been shown very recently [IB] that every real L p (/j,) space has positive 
numerical index for p ^ 2. Some known results about absolute sums of Banach spaces and about 
vector-valued function spaces are the following. The numerical index of the cq-, £\- or foo-sum of a 
family of Banach spaces coincides with the infimum of the numerical indices of the elements of the 
family, while the numerical index of the £ p -sum is only smaller or equal than the infimum. For a 
Banach space X, it is known that, among others, the following spaces have the same numerical index 
as X: C(K,X), L^X), £«,(/*, X). 

Our main goal in this paper is to study the numerical index of absolute sums of Banach spaces. 
Given a nonempty set A and a linear subspace E of K A with absolute norm (see Section[3]for the exact 
definition), we may define the iS-sum of a family of Banach spaces indexed in A. We give very general 
conditions on the space E to assure that the numerical index of an i?-sum of a family of Banach spaces 
is smaller or equal than the infimum of the numerical indices of the elements of the family. It covers 
the already known case of £ p -sums (1 ^ p oo) and also the case when E is a Banach space with 
a one-unconditional basis. On the other hand, we give a condition on E to get that the numerical 
index of an _E-sum of a family of Banach spaces is equal to the infimum of the numerical indices of the 
elements of the family. As a consequence, we obtain the already known result for cq-, l\- and foo-sums 
with a unified approach and also the case of S-sums when E has the Radon- Nikodym property (RNP 
in short) and n(E) = 1. In particular, the numerical index of a finite E-sum of Banach spaces is equal 
to the minimum of the numerical indices of the summands when n(E) = 1. 

Besides of the above results, we discuss in Section [3] when the numerical index of a Banach space is 
smaller than the numerical index of its one-complemented subspaces, and we give examples showing 
that this is not always the case for unconditional subspaces. We show in Section @] sufficient conditions 
on a Kothe space E to ensure that n(E(X)) < n(X) for every Banach space X. These conditions 
cover the already known cases of E = L p (fi) (1 ^ p ^ oo) with a unified approach but they also give 
the case of an order-continuous Kothe space E. In Section [5] it is shown that the numerical index 
of a Banach space which contains a dense increasing union of one-complemented subspaces is greater 
or equal than the limit superior of the numerical indices of those subspaces. As a consequence, if a 
Banach space has a monotone basis, its numerical index is greater or equal than the limit superior of 
the numerical indices of the ranges of the projections associated to the basis. 

Finally, in Section [6] we deduce from the results of the previous sections the already known result 
[7J [51 [SJ that for every positive measure \x such that L p (/j,) is infinite-dimensional and every Banach 
space X, n[L p (fi,X)j = n[£ p (X)j = hxi m ^n[£ p n (X)j. In our opinion, the abstract vision wc 
are developing in this paper allows to understand better the properties of L p -spaces underlying the 
proofs: ^p-sums are absolute sums, L p -norms are associative, every measure space can be decomposed 
into parts of finite measure, every finite measure algebra is isomorphic to the union of homogeneous 
measure algebras (Maharam's theorem) and, finally, the density of simple functions via the conditional 
expectation projections. 

We recall that given a measure space (fi, S, /x) and a Banach space X, L p (fi, X) denotes the Banach 
space of (equivalent classes of) Bochner- measurable functions from f2 into X. Let us observe that we 
may suppose that the measure /i is complete since every positive measure and its completion provide 
the same vector-valued L p -spaces. When f2 has m elements and \x is the counting measure, we write 
£™{X). When fl is an infinite countable set and /j, is the counting measure, we write t p (X). We will 
write X © p Y to denote the £ p -sum of two Banach spaces X and Y. 

We finish the introduction with the following result from [2] which allows to calculate numerical 
radii of operators using a dense subset of the unit sphere and one supporting functional for each of 
the points of this dense subset, and which we will use along the paper. 
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Lemma 1.1 ([2, Theorem 9.3]). Let X be a Banach space, let T be subset o/ 11(A) such that the 
projection on the first coordinate is dense in Sx ■ Then 

v{T) = sup{|x*(Tx)| : {x,x*) ET} 

for every T G L(X). 

2. Absolute sums of Banach spaces 

Let A be a nonempty set and let £ be a linear subspace of 1R A . An absolute norm on E is a 
complete norm || • \\ E satisfying 

(a) Given (a A ), (&a) € K a with |a A | = |&a| for every A G A. if (a A ) G E. then (6 A ) G E with 
\\{a x )\\ E =\\{b x )\\ E . 

(b) For every A G A, X{\} € E with ||x{A}||-E = 1, where X{\} is the characteristic function of the 
singlet {A}. 

The following results can be deduced from the definition above: 

(c) Given (x\), (y\) G K A with \y x \ ^ |xa| for every A G A, if (x\) G E, then (y x ) G E with 

\\(yx)\\E<\\(xx)\\ E . 

(d) ^i(A) CSC -^oo(A) with contractive inclusions. 

Observe that E is a Banach lattice in the pointwise order (actually, E can be viewed as a Kothe space 
on the measure space (A,V(A),v) where v is the counting measure on A, which is non-necessarily 
cr-finite, see Section [4]). The Kothe dual E' of E is the linear subspace of M A defined by 



E' = I (b x ) GM A : \\(b x )\\ E > ■= sup }^\b x \\a x \ < oo 
{ (^x)eB E XeA 



The norm || • \\e> on E' is an absolute norm. Every element (b\) G E' defines naturally a continuous 
linear functional on E by the formula 

(ax)' — >J2 bxax (( a A)e£), 
AeA 

so we have E' C E* and this inclusion is isometric. We say that E is order continuous if ^ x a \, 
and x a G E imply that lim \\x a \\ — (since E is order complete, this is known to be equivalent to the 
fact that E does not contain an isomorphic copy of £oo, see [H]). If E is order continuous, the set 
of those functions with finite support is dense in E and the inclusion E' C E* is surjective (this is 
shown for Kothe spaces defined on a cr-finite space by using the Radon-Nikodym theorem; in the case 
we are studying here, the measure spaces are not necessarily cr-finite, but since they are discrete the 
proof of the fact that E' = E* is straightforward) . 

Given an arbitrary family {X\ : A G A} of Banach spaces, the E-sum of the family is the space 



®^a] e :={(ia) : x A GA A VAGA, (||x a ||) G e} 

= |(a A x A ) : a x G M£ , x x G S Xx VA G A, (a A ) G e} 



endowed with the complete norm ||(a; A )|| = ||( 
space E is clear from the context. Write X = 



x x\\)\\e- We will use the name absolute sum when the 
©AeA X\ ■ For every k G A, we consider the natural 



E 

inclusion I K : X K — > X given by I K (x) = xx{ K } f° r every x G X K , which is an isometric embedding, 
and the natural projection P K : X — > X K given by P K ((xx)) — x K for every (xx) G X, which is 
contractive. Clearly, P K I K = Idx K ■ We write 

X '=l® X >} E , 

AeA 
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and observe that every element in (x x ) G X' defines naturally a continuous linear functional on X by 
the formula 

(a*) —> $>X(za) {(x x )€E), 
AeA 

so we have X 1 C X* and this inclusion is isometric. 

Examples of absolute sums are co-sums, ^-sums for f ^ p oo, i.e. given a nonempty set A, we 
are considering E — cq(A) or E = f p (A). More examples are the absolute sums produced using a 
Banach space E with a one-unconditional basis, finite (i.e. E is M. m endowed with an absolute norm) 
or infinite (i.e. E is a Banach space with an one-unconditional basis viewed as a linear subspace of R N 
via the basis). 

Our first main result gives an inequality between the numerical index of an E-sum of Banach spaces 
and the infimum of the numerical index of the summands, provided that E' contains sufficiently many 
norm-attaining functionals. 

Theorem 2.1. Let A be a non-empty set and let E be a linear subspace of R A endowed with an 
absolute norm. Suppose there is a dense subset A C Se such that for every (ax) G A, there exists 
(fix) G Se> satisfying X^agA ^a°a = 1- Then, given an arbitrary family {Xx : A G A} of Banach 
spaces, 



0A A ] J s? M{n(X x ) : AeA}. 



AeA 



® XeA Xx „andX'= AeA A A 



C X*. Fix k G A. For every S G L(X K ), we 
\T || < ||S||. Since S = P K TI Kl \\S\\ < ||T|| and 



Proof. Write X 

L~ \E 

define T G L(X) by T = I K SP K . It then follows that 
so ||T|| = ||S||. 

We claim that v(T) ^ v(S). Indeed, we consider the set A C Sx given by 

^. = {(a x xx) : a x G M+, x x G S'x, VA G A, (a x ) G A} 

and for every a — (a x x x ) G A, we write 

T(a) = (bxxl) G S^/ C S x > 

where x* x G S'x* satisfies x a (xa) = 1 and (6a) G Se' satisfies X^AeA^^ ^ = ^ ne se ^ A is dense in 
Sjc and [T(a)](a) = 1 for every a E A. It then follows from Lemma [Ol that 

v(T) = su V {\[T(a)}(T(a))\ : a e A} . 

For every a G A, we have 

|[T(a)](T(a))| = |[T(a)](7 K (5(a^)))| = ft K a„|<(5(x«))| < |<(5(x K ))| < v(S), 

where the last inequality follows from the fact that (x K ,x* K ) G H(X K ). Taking supremum with aei, 
we get v(T) < v(S) as desired. 

Now, we observe that 

v(S)>v(T)>n(X)\\T\\>n(X)\\S\\, 
and the arbitrariness of S € L(X K ) gives us that n(A K ) n(A). □ 

Let us list here the main consequences of the above result. 

Let E be a linear subspace of M A with an absolute norm. If E is order continuous, the hypotheses 
of Theorem 12.11 are trivially satisfied (since E* = E'). Again in this case, E' is a linear subspace 
of M. A with an absolute norm and the hypotheses of Theorem 12.11 are satisfied for E 1 thanks to the 
Bishop-Phelps theorem (the set of those norm-one elements in E' = E* attaining the norm on E c E" 
is dense in the unit sphere of E'). Therefore, the following result follows. 
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Corollary 2.2. Let A be a nonempty set and let E be a linear subspace o/M with an absolute norm 
which is order continuous. Then, given an arbitrary family {X x : A e A} of Banach spaces, 



< inf{n(X A ) : AeA}, and n [0 X x < inf{n(X A ) : AeA}. 





The spaces E = co(A) and E = £ P (A) for 1 $C p < oo are order continuous. For E = ^i(A) we have 
E* = E' = ^oo(A). Therefore, the following corollary follows from the above result. It appeared in 
[191 Proposition 1 and Remark 2. a]. 

Corollary 2.3. Let A be a non-empty set and let {X x : A e A} be a family of Banach spaces. Let X 
denote the CQ-sum or £ p -sum of the family (I ^ p ^ oo). Then 

n{X) ^ inf{n(A: A ) : AeA}. 

A particular case of the above corollary is the absolute sums associated to a Banach space with one- 
unconditional basis (finite or infinite). Related to infinite bases, let us comment that order continuous 
linear subspaces of R N with absolute norm have one-unconditional basis and, reciprocally, if a Banach 
space has a one-unconditional basis it can be viewed (via the basis) as an order continuous linear 
subspace of M N with absolute norm. 

Corollary 2.4. 

(a) Let E be K m endowed with an absolute norm and let X\ , . . . , X m be Banach spaces. Then 

n ([X-l ••• e X m ] E ) ^ min-jnpfi), . . . ,n(X m )}. 

(b) Let E be a Banach space with a one-unconditional (infinite) basis and let {Xj : j e N} be a 
sequence of Banach spaces. Then 




M{n{Xj) : j e N}. 



Our goal in the rest of the section is to present some cases in which we may get the reversed 
inequality to the one given in Theorem 12. II When both theorems are applied, we get an exact formula 
for the numerical index of some absolute sums. The more general result we are able to prove is the 
following. 

Theorem 2.5. Let A be a non-empty set and let E be a subspace or R A endowed with an absolute 
norm. Suppose that there are a subset A e Se with com? (A) — Be and a subset B C Se> norming 
for E such that for every (a x ) e A and every (b\) e B, there is k e A such that 

&\b\ = if \ =/= k, and |a K & K | = 1. 

Then, given an arbitrary family {X\ : A e A} of Banach spaces, 




e 



> mi{n{X x ) ■ AeA}. 



Proof. Write X = 



e^A^A „ andl'= ® XeA X x 



C X*. Consider the sets 

E' 



E 

A = {(a x x x ) : a x e R+ x x e S Xx VA e A, (a x ) e A} C S x , 
B = {(b x x* x ) : b x e R+ x* x e Sxi VA e A, (6 A ) e B) c S x >. 
Then, it is clear that conv(^l) = B x and that B is norming for X. 
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Fix T £ L(X) and e > 0, and write T = (T A ) where T\ = P X T £ L(X,X X ). We may find 
x = (a\X\) £ A and x* = (b\x* x ) £ B such that 



\T\\-e<\x*(Tx)\ 



^ b\x* x (T\((axX\)\ e A)) 



agA 



By hypothesis, there is k £ A such that 

(1) a\b\ = if A ^ k and a K b K = 1 , 

and using the Bishop-Phelps theorem, we may and do suppose that x* K £ Sx* attains its norm on 
an element x K £ Sx K - We also take y* £ Sx* such that y*(x K ) = I. For every z £ X K , we define 
$(z) £ X by 

[$0)]a = a\ V*Jz) x x if A 7^ «, and [$(z)] K = a K z, 

which is well-defined since the norm of E is absolute, satisfies ||$(z)|| ^ ||z|| for every z £ X K and 
that $(2;) is linear in z. Also, it is clear that &(x K ) = x. 

We consider the operator S £ L(X K ) given by 



S(z) 

and observe that 

\x* K (Sx K )\ = 



A#K 



x K + 6 K T K ($(z)) (z £ X K ) 



J2bxxl{Tx($(x K )))+b K xl{T K (<f>(x K ))) 

A#K 



\x*(Tx)\ >\\T\\-e, 



so ||5|| > ||T|| - e. It follows that v(S) > n(X K )(\\T\\ - e) and so there is (£,£*) £ IL(X K ) such that 

(2) \C(S0\>n(X K )(\\T\\-e). 

Now, we consider ^(C*) £ X' £ X* given by 

MC)U=bxC(x K )x* x ifA^ K and [*(£•)]„ = b K C, 

which is well-defined since E' has absolute norm, and satisfies ||^(C*)||x* ^ 1- We observe that, 
by ®, 

[*(C*)](*(0) - E b ^C(x K )y* K {0x* x (xx) + b K a K C(0 = b K a R C(0 = C*(C) = 1 

A^K 

and that 



[*(C)](T(d>(C))) = 



X>a$( r A(*(C))) 

A#K 



C*(2«) + fc«C*(T«(*(0)) 



= K*(S , C)|. 



It then follows from ([5]) that 

«(T) > n(X K )(||T|| - e) > inf{n(X A ) : A £ A}(||T|| - e). 
Letting s i and considering all T £ L(X), we get n(X) inf{n(AT A ) : A £ A}. 



□ 



Let us list the main consequences of the above theorem. The first one gives a formula for the 
numerical index of ^i-sums and ^-sums. This result appeared in [191 Proposition 1]. 

Corollary 2.6. Let A be a nonempty set and let {X\ : A £ A} be an arbitrary family of Banach 
spaces. Then 



[e 

. AGA 



Xy 



([®*a] J = mf{n(X A ) : A € A}. 
V AGA tao / 
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Proof. One inequality was proved in Corollary |2.3l To get the reversed inequality, we just show that 
Theorem 12.51 is applicable. For E = ^i(A), we consider 

A = {X{X} ■ XeA}cS E and B = {(b x ) : \b\\ = 1 VA € A} C Se>- 

Then it is immediate that conv(A) = Se, that B is norming for E and that given a € A and b G B, 
there is k G A such that 

a\b\ = if A 7^ « and |a K b K | = 1. 
For E = £oo (A) , we interchange the roles of the sets above and consider 

A = {(a x ) : \a x \ = 1 VA G A} C S E and B — {x{\} ■ A G A} C S il(A) C S E >- 

Now, B is trivially norming for ^(A) and conv(A) — Be (indeed, the set of those norm-one functions 
which have finitely many values is dense in Se by Lebesgue theorem and the fact that a function 
taking finitely many values belongs to conv(^4) is easily proved by induction on the number of values). 
Finally, it is immediate that given a G A and b G B, there is k G A such that 

a\b\ = if A 7^ k and |a K 6 K | = 1. □ 

Remark 2.7. For co-sums the result above is also true but it is not possible to prove it using 
Theorem 12.51 (it is not possible to find sets A C Se and B C Se> like there in E = cq(A) unless it is 
finite-dimensional). We have to wait until Section [5] to provide a proof. 

Next result allows to calculate the numerical index of iJ-sums of Banach spaces when E has the 
RNP and n(E) = 1. We will use very recent results of H.-J. Lee and the first and second named 
authors of this paper [14] . 

Corollary 2.8. Let A be a non-empty set and let E be a subspace or K A endowed with an absolute 
norm. Suppose E has the RNP and n(E) — 1. Then, given an arbitrary family {X\ : A G A} of 
Banach spaces, 




= M{n(X x ) : A G A}. 



Proof. Since E has the RNP, it is order continuous (it does not contain £oo) and so E* = E'. Then 
inequality ^ follows from Corollary 12.21 Let us prove the reversed inequality. Let A be the set of 
denting points of Be and let B be the set of extreme points of Be' ■ It follows from the RNP that 
conv(A) = Be and Krein-Milman theorem gives that B is norming. It is shown in [14] that, under 
these hypotheses, given a = (a\) G A and b — (b\) G B, there is k G A such that 

a\b\ = if A k and |a K 6 K | = 1. 

This allows us to use Theorem 12.51 to get the desired inequality. □ 

Remark 2.9. It follows from the proof of the above result that the hypothesis of RNP is not needed 
in its full generality. Actually, only two facts are needed: that n(E) = 1 and that conv(^4) = B E 
where A is the set of denting points of Be- 

Let us particularize here the above result for Banach spaces with one-unconditional basis (finite or 
infinite) . 

Corollary 2.10. 

(a) Let E be K m endowed with an absolute norm such that n(E) = 1, and let X\, . . . , X m be 
Banach spaces. Then 

n ([Xi e •• • 8 X m ] E ) = ram{n{Xi), . . .,n(X m )}. 
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(b) Let E be a Banach space with one-unconditional basis, having the RNP and such that n(E) = 1. 
Then, given an arbitrary sequence {Xj : j € N} of Banach spaces, 



Let us comment that the proof of Corollary 12.81 in the case of a finite-dimensional space can be 
done using results of S. Reisner [55] and so, in this case, the very recent reference [H] is not needed. 



One may wonder if there is any general inequality between the numerical index of a Banach space 
and the numerical indices of its subspaces (or of some kind of subspaces). Since n(C(K)) — 1 and 
every Banach space contains (isometrically) a C(K)-sp&ce as subspace (maybe with dimension one) 
and it is contained (isometrically) in a C(K) space (Banach-Mazur theorem), it is not possible to get 
any general inequality. If we restrict ourselves to special kind of subspaces, we may show a positive 
result. Indeed, item (a) of Corollarv l2.4l for m = 2 shows that the numerical index of a Banach space 
which is the absolute sum of two subspaces is less or equal than the numerical index of the subspaces. 
Let us comment that in this case the absolute sum can be written in a different form. Indeed, suppose 
we have a Banach space X and two subspaces Y and Z such that X = Y © Z and, for every y E Y 
and z £ Z, the norm of y + z only depends on \\y\\ and ||z|j. In such a case, it is known that there 
exists an absolute norm | • | on R 2 such that 



i.e. X=[Y® Z] E for E = (R 2 , | • |) and so Corollary applies. We refer the reader to [31 § 21] and 
[21j for background. 

Corollary 3.1. Let X be a Banach space and let Y , Z be closed subspaces of X such that X — Y © Z 
and, for every y E V and z € Z, \\y + z\\ only depends on \\y\\ and \\z\\. Then 

n{X) ^ min{n(y), n{Z)} . 

Let us comment that the above corollary already appeared in the PhD dissertation (2000) of the 
first named author and was published (in Spanish) in |171 Proposition 1]. Also, Corollary |2.3l follows 
from the above corollary since co-sums and £ p -sums are associative (i.e. the whole sum is the co-sum or 
Ip-sum of each summand and the sum of the rest of summands) . This was the way in which this result 
was proved in [TH]. As a matter of facts, let us comment that the unique associative absolute sums are 
co-sums and £ p -sums PQ, and so Theorem 12 . 1 1 does not follow from the already known Corollary [33] 

It is natural to ask whether it would be possible that the hypothesis of absoluteness in Corollarv l3.ll 
can be weakened to general one-complemented subspaces, but we will show that it is not possible. 
Moreover, we will show that the numerical index of unconditional sums need not be smaller than 
the numerical indices of the summands, even for projections associated to a one-unconditional and 
one-symmetric norms in a three-dimensional space. We recall that a closed subspace Y of a Banach 
space X is said to be an unconditional summand of X if there exists another closed subspace Z such 
that X — Y © Z and \\y + z\\ = \\y + 9z\\ for every y € Y, z € Z and |0| = 1. It is also said that X is 
the unconditional sum of Y and Z. When both Y and Z are one-dimensional, an unconditional sum 
is actually an absolute sum, but this is not true for higher dimensions. 

Example 3.2. Let X be the space R 3 endowed with the norm 




3. Numerical index and one-complemented subspaces 



||z + *|| = |(IMI,MI)l ( 



x <E X, z € Z), 
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Proof. It is clear that P 2 (-^Q is isometrically isomorphic to the two-dimensional Hilbert space, so 
n(P 2 (X)) = 0. Since X is finite-dimensional, to prove that n(X) > it is enough to show that the 
unique operator T 6 L(X) with v(T) — is T — 0. Let T be an operator with v(T) = represented 
by the matrix (ay). Consider the following norm-one elements in X and X*: 

*i = (1,0,0), x 2 = (0,1,0), as = (0,0,1), af 4 =i(l,l,0), 

X 5 = -^=(0,1,1), 16 = ^(1,0,1), x 7 = -^=(1,-1,1), xg = -^=(1,1,1) 
^ = (1,0,0), ^ = (0,1,0), ^ = (0,0,1), 

^=-^=(1,1,0), ^ = -^(0,1,1), ^ = -^=(1,0,1), ^ = ^=(1,-1,0) + -A=(0,-1,1). 

Observe that \\x%\\ < 1 and 0:7 (17) = 1. 

Since a;*(a;,) = 1 for i = 1,2,3 we have that = x*(Txi) — for i = 1,2,3. Analogously, using 
that 

xt(x 4 ) = 1 = x* (x 5 ) = xl(x 6 ) = x* 4 (x 8 ) = x* 6 (x 8 ) = Xj(x 7 ) 
we obtain the following restraints on ay : 

= x\{Tx±) — ~^{ a i2 + 0-21) which implies 021 = —012, 

= xl{Tx 5 ) = i(a 23 + a 32 ) which implies a 32 = -a 2 3, 

= Xg(Tx 6 ) = 2^13 + a 3i) which implies a 31 = -ai 3 , 

= ^(Tig) = ^(-a 12 - ai 3 ) which implies a 13 = — 012, 

= a;g(Tx 8 ) = ^(«12 - a2 3 ) which implies a 23 = a i2 , 

= ^(Ti?) = -ai 2 . 

Therefore, we have that T = 0. □ 

We do not know whether the example given above can be adapted to the complex case. Nevertheless, 
we are able to show a complex example with one-unconditional (not symmetric) norm. 

Example 3.3. Let us consider the normed space X to be I 5 (K = 1 or K = C) endowed with the 
norm 

\\(x 1 ,X2,X3,X4,,x 5 )\\ = max{|xi| + |ar 2 |, 1^1 + \x 3 \ + \x 5 \, \x 3 \ + |ar 4 |} (xi,x 2 ,x 3 ,x 4l ,x 5 ) e K 5 . 
Then, the usual basis is one-unconditional for X, n(X) — 1 and n(Pt(X)) < 1. 

Proof. For the real case, it was proved in [22, §3] that X is a so-called CL-space and that Pa(X) is 
not. In the finite-dimensional case, this is equivalent to say that n(X) = 1 and n(P4(X)) < 1 (see 
[111 §3], for instance). For the complex case, it was shown in [T2l Proposition 4.3] that the (natural) 
complexification of a n-dimensional normed space with absolute norm (i.e. the usual basis of R" is one- 
unconditional) is a CL-space if and only if the real version is a CL-space. Therefore, X is a (complex) 
CL-space and Pi{X) is not. As in the real case, this gives that n{X) = 1 and n(Pt(X)) < 1. □ 



Using the continuity of the numerical index with respect to the Banach-Mazur distance for equiv- 
alent norms [TU] , it is possible to obtain examples as in 13.21 and 13.31 which are uniformly convex and 
uniformly smooth. 
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Examples 3.4. 

(a) Real case: For p > 1, we consider X p = (R 3 , || ■ ||( p where 

\\{x,y,z)\\ (p) = 2-$ ((x 2 +y 2 )i +(x 2 + z 2 )i + (y 2 + z 2 )iy (x, y, z) E R 3 . 

Then, the usual basis is one- unconditional and one-symmetric for every X p and P2(X. p ) = 
(R 2 ,|| • || (p) ) where 

\\(x,y)\\ (j ,) = 2-$ ((x 2 +y 2 )% + \x\ p + \y\ p y (x,y)eR 2 . 

By the continuity of the numerical index with respect to the Banach-Mazur distance for 
equivalent norms [101 Proposition 2], one has that 

lim n{Y p ) = n{X) > and lim n(P 2 {Y p )) = n(H 2 ) = 

p— >oo p— >-oo 

where X is the three-dimensional space constructed in Example 13.21 and H 2 is the two- 
dimensional real Hilbert space. 

Therefore, for p big enough, the uniformly convex and uniformly smooth space X p satisfies 

n(X p ) > ~n(X) and n(P 2 {Y p )) < ^n(X). 

Let us comment that the spaces X p are actually Lorentz spaces. 

(b) Complex case: Using the same kind of tricks that the ones given above, it is possible to 
produce uniformly convex and uniformly smooth versions of Example 13.31 Therefore, there 
is a 5-dimensional complex uniformly convex and uniformly smooth normed space X with 
one-unconditional basis such that n(X) > n(P4,(X)). 

4. KOTHE-BOCHNER FUNCTION SPACES 

Let (CI, E, p) be a complete u-finite measure space. We denote by Lq(m) the space of all (equivalent 
classes modulo equality a.e. of) E-measurable locally integrable real- valued functions on CI. A Kothe 
function space is a linear subspace E of Lq(m) endowed with a complete norm || • \\e and satisfying 
the following conditions. 

(i) If |/| \g\ a.e. on CI, g e E and / e L , then f £ E and < \\g\\ E . 

(ii) For every 4eE with < p.(A) < oo, the characteristic function xa belongs to E. 

We refer the reader to the classical book by J. Lindenstrauss and L. Tzafriri |16) for more information 
and background on Kothe function spaces. Let us recall some useful facts about these spaces which 
we will use in the sequel. First, E is a Banach lattice in the pointwise order. The Kothe dual E' of 
E is the function space defined as 

E' = { g E L Q (p) : \\g\\ E , := sup / \fg\ dfj, < oo > , 
[ feB E Jn J 

which is again a Kothe space on (O, S, p). Every element g € E' defines naturally a continuous linear 
functional on E by the formula 

/— ► / fgdv (feE), 

Jn 

so we have E 1 C E* and this inclusion is isometric. 

Let E be a Kothe space on a complete a- finite measure space (f2,E,/x) and let X be a real or 
complex Banach space. A function / : CI — > X is said to be simple if / = Xi \Ai for some 

xi, . . . ,x n € X and some Ax, ... , A n € E. The function / is said to be strongly measurable if there is 
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a sequence of simple functions {f n } with lim — f(t)\\x = for almost all t £ £1. We write E(X) 

for the space of those strongly measurable functions / : £1 — > X such that the function 

*— Hl/(*)lk (*e") 

belongs to E. and we endow E{X) with the norm 

\\f\\E{X) = \\t^\\f{t)\\x\\ E . 

Then E(X) is a real or complex (depending on X) Banach space and it is called a Kothe-Bochner 
function space. We refer the reader to the recent book by P.-K. Lin |15| for background. Let us 
introduce some notation and recall some useful facts which we will use in the sequel. For an element 
/ £ E(X) we write |/| £ E for the function |/|(-) = ||/(-)llx, we consider a measurable function 
/ : £1 — > Sx such that f — \f\ f a.e. and we observe that ||/||.e(x) = || |/| \\e- 

We write E' (X* ,w*) to denote the space of w*-scalarly measurable functions $ : £1 — > X* such 
that ||$(-)l|x* £ E' , which act on E{X) as integral functionals: 

(<&,/> = / ($(t)J(t))Mt) (/e 
Jn 

For an integral functional $ £ E'(X*,w*), we write |$| £ E' for the function |<E>|(-) = ||$(-)l|x* and 
we consider a w*-scalarly measurable function $ : £7 — > Sx* such that $ = |$| 

Our first result gives an inequality between the numerical index of E(X) and n(X), provided that 
there are sufficiently many integral functionals. 

Theorem 4.1. Let (£1, E, fi) be a complete a-finite measure space, let E be a Kothe space on (£7, £, /j.), 
and let X be a Banach space. Suppose that there is a dense subset A of Se(x) such that for every 
f £A there is $/ £ E'{X*,W*) satisfying || |%| \\ E > = ($/ , /) = 1. Then 

n{E(X)) ^ n(X). 



Proof. We take an operator S £ L(X) with ||5|| = 1, and define T £ L(E(X)) by 



[T(f)](t) = S(f(t)) [=\f\(t)S(f(t))\ {t£Q, f£E(X)). 
We claim that T is well-defined and ||T|| = 1. Indeed, for / £ E(X), T(f) is strongly measurable and 

ll[r(/)](*)IU = l/l(*) W(*))IKI/I(<) (*en), 

so T(f) £ E(X) with \\T{f)\\ E(x) ^ || |/| \\ E = \\f\\ E (xy This gives ||T|| < 1. Conversely, we fix 
A £ E such that < fi(A) < oo and for each x £ Sx consider / = Hx^Hg 1 x\A £ Se(x)- Then, 
||/|| = land 



i[n/)K*)ii 



X 



XA{t)\\S(x)\\ 



X 



\T\\ > \\T(f)\\ E{ x) 



Xa\\S(x)\\ 



X 



\Xa\\e \\Xa\\e 
By just taking supremum on x £ Sx, we get ||T|| ^ \\S\\ — 1 as desired. 
Next, we consider f £ A and observe that 

! = <$/,/>= / (*,(*), /(t))<fc(t) = [ \$f\(t)\f\(t)(¥ f (t)J(t)) d^t) 



> \\S(x)\\ 



\$>m\m) dM*)<(i*/i.i/ixiii*/iiU'in/i 



It follows that 



(*/(*),/(*)> = ! a.e. 



and 
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On the other hand, 
|($/,T(/))| = 



!*/!(*) l/lto (*/(*). 5(/(«))> dfx(t) 



< / l*/l(*)l/l(*)|<%(*),S(/(*)))| ^(*)< / \$ f \(t)\f\(t)v(S)dv(t) = v(S). 
Jn Jn 

Since A is dense in the unit sphere of E(X), it follows from Lemma [1.11 that the above inequality 

implies that v(T) < v(S). Therefore, n(E(X)) < In view of the arbitrariness of S £ L(X) with 

||5|| = 1, we get n(E(X)) < u(X), as desired. □ 

The main application of the above theorem concerns order continuous Kothe spaces. We say that a 
Kothe space E is order continuous if $J x a \, and x a £ E imply that lim ||a; a || =0 (this is known to 
be equivalent to the fact that E does not contain an isomorphic copy of ^ 00 ). If E is order continuous, 
the inclusion E 1 C E* is surjective (so E* completely identifies with E 1 ) and the set of those simple 
functions belonging to E(X) is norm-dense in E(X). 

Corollary 4.2. Let (CI, S, fi) be a complete a -finite measure space and let E be an order continuous 
Kothe space. Then, for every Banach space X , 

n(E(X)) < n(X). 

Proof. We consider A to denote the set of norm-one simple functions belonging to E(X). Consider 
f £ A, which is of the form 

m 

f = ^Z a 3 x ]XA 3 £ E(X), 

where m £ N, aj 0, xj £ Sx, A±, . . . , A m £ £ are pairwise disjoint, and |/| = ^ UjXAj £ Se- Since 
E is order-continuous, E* — E' and so we may find a positive function ip £ E' with ||<y2||_E' = 1 such 
that 



! = (/>¥')= / JW/x = Z / <f(t)aj dfi(t) 

J(l J Aa 



Now, for j = l,...,m, we choose x* € Sx* such that x*(iEj) = 1 and consider $/ € E'(X*,w*) 
defined by 



Z / V^ x *i (»(*)) (-9 e E W) ■ 



i=i 

Then, we have || |$| \\e> = \\<p\\e' = 1 and also 

m „ m . 

($/./> = Z / ^K^fe) = Z / = L 

i=i 1 j=l jA i 

Since E is order continuous, A is dense in Seix) an d we may apply Theorem 14. II 

Alternatively, we can prove this corollary by using the deep result of the theory of Kothe-Bochner 
spaces that for an order continuous Kothe space E and a Banach space X, the whole E(X)* identifies 
isometrically with E'(X* , w*) (see [E2 Theorem 3.2.4]) and, therefore, for every / £ Se(x) there is a 
norm-one element $/ of E'(X*,w*) such that ($/,/) = 1. □ 

Since L p (fi) spaces are order continuous Kothe spaces for 1 ^ p < oo, as an immediate consequence 
of Corollary 14. 21 we obtain the following corollary. For p — 1 it appeared in [TJ5] and for 1 < p < oo it 
appeared in [9 . 

Corollary 4.3. Let (f2, E, fi) be a complete a-fnite measure space, 1 p < oo, and let X be a Banach 
space. Then 

n(L p (fx,X)) ^n(X). 
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The Kothe space Lodp) is not order continuous in the infinite-dimensional case, so Corollary 
does not cover this case. Anyway, we may apply directly Theorem l4.1l to get the corresponding result. 
The following statement was proved in |201 Theorem 2.3]. 

Corollary 4.4. Let (fl, S, /i) be a complete a-finite measure space and let X be a Banach space. Then 

T^LooOi,*)) ^n(X). 

Proof. Since every element of L oc (fi, X) has essentially separable range, it is possible to show that the 
subset 

A = {xxa + 9Xn\A ■ x S S x , 9 S B Loo ^ X ), A e S with < fj,(A) < oo} 
is dense in the unit sphere of Loo(/x,X). For every / S A, write / = x\A + 9Xvt\A, pick x* £ Sx* 
such that x*{x) = 1 and observe that the function 

^ = ^A) X * XA 

belongs to Li(fi,X*) C [L 00 (fj,)]'(X*,w*) ) has norm one and (<£/,/) = 1. Then, the hypotheses of 
Theorem 14. II are satisfied and so niL^fi, Xy) ^ n(X). □ 

For E = Li(n) and E = L oc (/i), it is actually known that n\E(Xy\ = n(X) for every Banach space 
X |19l I20| . It would be interesting to study for which Kothe spaces E the above equality also holds. 



5. Banach spaces with a dense increasing family of one-complemented subspaces 

Our goal in this section is to show that the numerical index of a Banach space which contains a 
dense increasing union of one-complemented subspaces is greater or equal than the limit superior of 
the numerical indices of those subspaces, and to provide some consequences of this fact. We need 
some notation. Recall that a directed set (or filtered set) is a set / endowed with an partial order ^ 
such that for every i,j £ I, there is k £ I such that i ^ k and j S[~ k. 

Theorem 5.1. Let Z be a Banach space, let L be a directed set, and let {Zi : i £ 1} be an increasing 
family of one- complemented closed subspaces such that Z = [J Zi. Then, 

n{Z) ^ limsupn(Zi). 

iei 

Proof. Let us denote by Pi : Z — > Zi the norm-one projection from Z onto Zi and by J,; : Zi — > Z 
the natural inclusion. Then, 

11^11 = 11^11=1, P t oj l = id Zz (ieJ). 

We fix e > and take an operator T £ L(Z) such that 

||T|| = 1 and v(T)4 : (l + e)n(Z). 

For each i £ I, consider the operator Si — P%T Ji £ L(Zi). 

Claim. v(Si) ^ v(T). 

Indeed, for (y,y*) £ H(Zi), one has 

\{y*,S i (y))\=\{y*,Pi(T(Ji(y)))\ 

= \{P*(y*),T(J i (y)))\^v(T), 

where the last inequality follows from the fact that ||-P*(y*)|| ^ 1, ^ 1 an d 

(P*(y*), My)) = (y*, [Pi o Ji](y)) = (y*,y) = 1. 

Claim, limig/ \\Si\\ = 1. 
Indeed, on the one hand, 

||Si|| = ||P,TJi||< 11^1111^111^11 = 1 (is I). 
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On the other hand, for 6 > fixed, we take x G Sz such that ||Tx|| > 1 — (5/4. Since the family 
{Zi : i £ 1} is increasing and its union is dense, we may find iq € I such that for i ^ io there are 
y, z € Zi such that 

\\Tx-Ji(z)\\<6/4 and || x - Ji(y) \\ < 6/4. 

Then, we have that 

||*|| = IIJ^JII > \\Tx\\ - \\,h{z) Tx\\ >l-6/4-S/4=l- 6/2 

and 

\\Si(y)\\ = \\[PiTJi](y)\\ 

= \\Pi(Ji(z)) - [Pi{Ji{z)) - Pi(Tx)] - [Pi(Tx) - Pi(T{Ji(y)))] \\ 

> ii*ii - wPiWuw-Txw - mum* - My)\\ 

> 1 - 6/2- 6/4- 6/4 =1-6. 
Since \\y\\ = \\Ji(y)\\ < 1 + 6/4, it follows that 

1-6 



\Si\\ > 



1 + 6/4' 



This gives lim \\Si\\ = 1, as claimed. 

To finish the proof, we just observe that for every i £ I, we have that 

(1 + e)n(Z) > v(T) ^ ^ n{Z/) \\Si\\ 

and, therefore, 

(1 + e)n(Z) ^ limsup[rt(Zi) \\Si\\\ = limsupn(Zi) lim||jSi|| = limsupn(Zi). 

The result follows by just taking e 1 0. □ 

The easiest particular case of the above result is to Banach spaces with a monotone basis (i.e. a 
basis whose basic constant is 1). 

Corollary 5.2. Let Z be a Banach space with a monotone basis (e m ) and for each m € N. let 
X m = spanjefc : 1 ^ k ^ to}. Then 

n(X) ^ limsupn(X m ). 

It is known, see Section [BJ that if X = £ p then the inequality above is actually an equality, but we 
do not know whether the same is true in any other type of spaces. 

Problem 5.3. Let Z be a Banach space with a monotone (or even one-unconditional, one-symmetric) 
basis {e m } m gN, and let X m = spanjefc : 1 k ^ to}. Is it true that n(X) = lim sup rt(JT m )? 

m— >oo 

Next examples show that the inequality in Theorem 15. II may be strict. 
Examples 5.4. 

(a) Real case: Let X be the three-dimensional real space given in Example 13.21 such that 

n{X) > n(P 2 (X)) = 0, 

where P2PO is the subspace of X spanned by the two first coordinates. Now, consider the 
space Z = l\(X) and for each m £ N, we consider the subspace 

Z m = {x = (x k ) e Z : x m+ i(3) =0, ife = 0Vi>m + 2} 

= X®i ■ m -® 1 X® 1 P 2 (X). 

Then, we have n(Z) = n(X) > and n(Z m ) = n{P 2 {X)) = by Corollary [21)] Observe that 
each Z m is one-complemented in Z , the sequence {Z m } is increasing and Z = lJ meN Z m . But 
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n(Z) > limsupj^j^^ n(Z m ). Let us comment that the space Z has a monotone basis and that 
the subspaces Z m are actually the range of some of the projections associated to the basis, 
(b) Complex CASE: If we use the five-dimensional complex space X of Example 13.31 we can 
repeat the proof above to get the same kind of example in the complex case. 

Let us present here applications of Theorem 15.11 The first one allows to calculate the numerical 
index of Li(/i,X). This result appeared in [THl Theorem 8]. 

Corollary 5.5. Let (fl, E, /j) be a complete positive measure space and let X be a Banach space. Then 
n(L 1 (ii,X))=n(X). 

Proof. Set Z = Li(ji, X). We write / for the family of all finite collections of pairwise disjoint elements 
of £ with finite measure, ordered by tk\ ^ 112 if and only if each element in tt\ is a union of elements 
in 7T2. Then / is a directed set. For tt € /, we write Z v for the subspace of Z consisting of all simple 
functions supported in the elements of it. Now, for every tt E I, the subspace Z v is isometrically 
isomorphic to £™(X) (to is the number of elements in tt, see Lemma II. 2.1] for instance), it is one- 
complemented by the conditional expectation associated to the partition tt and, finally, the density of 
simple functions on Li(n,X) gives that Z = [J^ eI Z„. Then, Theorem 15 . 1 1 applies and it follows that 

n(L x (n,X)) ^ limsupn(Z 7r ) = limsuprc(^™ (X)) = n(X), 

Trel irEl 

where the last equality above follows from Corollary 12.61 To get the reversed inequality, we start by 
using that there is a family of finite measure spaces {vj : j € J} such that 

LiO*,X)= [®Li( Vj ,xj\ 
jeJ 1 

(for X — K there is a proof of this fact in [U p. 501] which obviously extends to any arbitrary space 
X). Then pick any j g J and use Corollary 12.31 to get that n(Li(/x,X)j ^ n[L\(vj, Xy\. Since Vj is 
finite, we may now apply Corollary 14. 31 to get n(L\{vj, X)^j ^ n(X). □ 

In Section [S] we will use arguments similar to the ones in the above proof (and some more) to get 
a result on n(L p (/z, X)j for 1 < p < 00. 

Next application of Theorem 15.11 is to absolute sums of Banach spaces. As a particular case, we 
will calculate the numerical index of a co-sum of Banach spaces. We need some notation. Given a 
nonempty set A, let 1\ denote the collection of all finite subsets of A ordered by inclusion. Given a 
linear subspace E of R A for every 4 G Ia we consider Ea to be the subspace of E consisting of those 
elements of E supported in A and observe that Ea is a linear subspace of M. A with an absolute norm 
(the restriction of the one in E). 

Corollary 5.6. Let A be a nonempty set and let E be a linear subspace o/lR A with an absolute norm. 
Suppose that there is a subset L ofI\, which is still directed by the inclusion, satisfying that {J AeI Ea 
is dense in E and that ti(Ea) — 1 for every A £ I. Then, given an arbitrary family {X\ : A £ A} of 
Banach spaces, 




Proof. We write Z 



inf{n(A A ) : AeA}. 
AeA X\ and for each A — {Ai,...,A m } € I we write Za for the E- 



E 

sum of the family {Y\} where Y\ — X\ for A g {Ai,...,A m } and Y\ = {0} otherwise (we will 
use the agreement that n({0}) = 1). We observe that each Za is one-complemented in Z and that 
Z = [J AeI Z\- Therefore, Theorem 15. II applies and provides that 

n(Z) ^ lim sup u(Za )• 
Aei 
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Now, we take A = {Ai, . . . , A TO } G /, observe that Ea is isometrically isomorphic to R m endowed with 
an absolute norm which we denote by Ea, and also observe that Za is isometrically isomorphic to the 
.E^-sum of X Xl , . . . ,X\ m . As u{Ea) — ti(Ea) = 1 by hypothesis, we may use Corollary |2.10l a to get 
that 

n(Z A )=n([X Xl ®---®X Xm ]~^ = mxn{n(X Xl ), . . . ,n(X x J} > inf{n(X A ) : AeA}. 

To get the reversed inequality, we will use Theorem 12.11 For this, we write A = LUe / ^e a which is 
dense in Se since LUe/ ^a is dense in E. For every A — {Ai, . . . , A m } G I and every a — (a x ) G Se a , 
we use that Ea = Ea to write a — (a Xl , . . . , a\ m ) G S^- and consider 6 — (/?i, . . . , /3 m ) G Sjf* such 
that Y^JLi Pj a \ 3 = !• Now, we define (6a) G E' by the formula 

6 x — f3j if A = Xj for j = 1, . . . , m and b\ — otherwise. 
Then, (6a) G S'b' and 

m 

AeA j=l 

This shows that we may use Theorem 12.11 to get 




0X A 1 j < inf{n(X A ) : Ag A}. □ 
\ aga lE ) 

The hypotheses of the above corollary are clearly satisfied by E = cq(A) and E = £i(A). For the 
second space, the thesis already appeared in our Corollary 12.61 We state the result for E = Co(A). It 
already appeared in [TjJl Proposition 1]. 

Corollary 5.7. Let A be a nonempty set and let {X\ : A G A} be an arbitrary family of Banach 
spaces. Then 

= inf{n(X A ) : AeA}. 

Another particular case of Corollary 15.61 appears when we deal with Banach spaces with one- 
unconditional basis. 

Corollary 5.8. let E be a Banach space with a one-unconditional basis, let (j m ) be an increasing 
sequence of positive integers and let E m be the subspace of E spanned by the j m first coordinates. 
Suppose n(E m ) = 1 for every m G N. Then, for every sequence {Xj : j G N} of Banach spaces, 

Xx]\ =inf{n(X,) : j G N}. 

JEN E J 

6. The numerical index of L p -spaces 

Our goal in this section is to deduce from the results of the previous sections that all infinite- 
dimensional L p (pi) spaces have the same numerical index, independent of the measure \i. Actually, we 
will give the result for vector-valued spaces. Let us say that all the results in this section are already 
known: they were proved using particular arguments of the L p spaces in the papers [71 [HI IS] (some of 
them with additional unnecessary hypotheses on the measure fj,). In our opinion, the abstract vision 
we are developing in this paper allows to understand better the properties of L p -spaces underlying the 
proofs: ^p-sums are absolute sums, L p -norms are associative, every measure space can be decomposed 
into parts of finite measure, every finite measure algebra is isomorphic to the union of homogeneous 
measure algebras (Maharam's theorem) and, finally, the density of simple functions via the conditional 
expectation projections. 




expectation projections. 
Proposition 6.1. [71IH1IS] Let 1 < p < oo and let X be any Banach 



space. 
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(a) The sequence |n(^™(X))} mgN is decreasing and 

n(£ p (X)) = lim n(t™(X)) \= inf .n(t™(X)) . 

(b) If fi is a positive measure such that L p (fj.) is infinite-dimensional, then 

n(L p {fx,X))=n(l p (X)). 
In particular, all infinite- dimensional L p (p) spaces have the same numerical index. 

Proof of Provosition \6.1\ a. Since £ r p a (X) is an absolute summand of ^™ +1 (X), the decrease of the 
sequence {n(£™(X))} mgN follows from Corollary 13. II By the same reason we have that n{£ p (X)) ^ 
niPgiX)) for every m£ N, and so n{£ p {X)) ^ lim™^ n(i™(X)) (cf. also Corollary . For the 
reversed inequality, we just use Theorem [5TT] with Z — £ p (X), I — N with its natural order, and 

Z m = {x£ £ p (X) : x{k) = Vfc > to} = £™{X). 

(Observe that not only Z m is one-complemented in Z but, actually, the natural projection is absolute. 
In this case, some of the arguments in the proof of Theorem 15. II are simpler.) □ 

To proof item (b) in Proposition 16 . 1 1 we need the following lemma which is well known to experts, 
but since we have not found any concrete reference in the literature, we include a sketch of its proof 
for the sake of completeness. We only need the (trivial) decomposition of every measure space into 
disjoint finite measure spaces and Maharam's result on the decomposition of finite measure algebras 
into disjoint homogeneous parts. 

Lemma 6.2. Let (f2, £,/i) be a measure space and 1 < p < oo such that the space £ p (/i) is infinite- 
dimensional, and let X be any non-null Banach space. Then, there is a a-finite measure r and a 
Banach space Z such that L p {r,X) ^ 0, 

L p {h,X) = L p (t,X)® p Z and L p (r, X) = £ p (L p {t, X)) = L p (t, t p {X)). 

Proof. It is known that for every measure space (f2, S, fi), there is a family of finite measure spaces 
{vj : j £ J} such that 

L p fa,X)= [0I P h,I)] £ • 
je,/ p 

Indeed, it is enough to consider a maximal family {Aj : j £ J} of pairwise disjoint sets of positive 
finite measure and Vj is just the restriction of fi to Aj (for p = 1 and X = K there is a proof of this fact 
in [3J p. 501] which obviously extends to 1 < p < oo and arbitrary space X). If for every j £ J, L p (i/j) 
is finite-dimensional, then L p (/j,,X) = £ p (T,X) for some infinite set T, and the result clearly follows 
by just taking an infinite and countable subset T' of T, L p (t,X) = £ p (T',X) and Z = £ p (T \ T',X). 
Otherwise, pick v = Uj to be one of the finite measures i/j such that L p (y) is infinite-dimensional and 
observe that L p (fi, X) = L p (v, X) © p Z\ for some subspace Z\ of L p (fi, X). 

Now, v is a finite positive measure such that L p (v) is infinite-dimensional and we may use Ma- 
haram's theorem [131 Theorems 7 and 8] on measure algebras to deduce (as is done in [13 , Chapter 5] 
for the scalar case) that 

L p (v, X) = £ P (T, X) (B P [0 L p ([0, , X)] & 

ael p 

for some sets T and / (/ is a set of ordinals). Since L p {v,X) is infinite-dimensional and v is finite, T 
is countably infinite or / is nonempty. If T is infinite, just consider a measure r such that L p (t, X) = 
£ P (T,X) and 

Z= [0i p ([O,lf-,A-)l ® P Z 1 
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and the result clearly follows. Otherwise, 7^0 and we may take ao G I and consider a measure r 
such that L p (t,X) = L p ([0, l] u °o, X) and 

Z = £ P (T,X)® P \ L P ([0,1] U ",X)] ® P Z 1 . 
Then, L p (ps, X) ee L p (t, X) e p Z and 

L p (t,X)=£ p (L p (t,X)) 

by the homogeneity of the measure r (see |131 pp. 122 and 128]). Finally, it is straightforward to check 
that l p \L p {r,X)j = L p (t,£ p (X)) by just using the associativity of the £ p -norm. □ 



Proof of Provosition \6.1\ b. We use Lemma 16721 to write L p {fi, X) = L p (t, X) (B p Z where the measure 
t is (7-finite and satisfies that L p (t,X) = L p (t,£ p (X)). First, we deduce from Corollary 12.31 that 
n\L p {jx,Xy\ sC n[L p {T,Xy\. On the other hand, Corollary 14.31 gives us that n(L p (r, £ p (X))j ^ 
n(£ p (X)j. Summarizing, we get 

n(L p (ji,X)) s$ n(L p (r,X)) = n(L p { T , £ P (X))) s? n{i p {X)). 

To get the reversed inequality, we argue in the same way that we did in the proof of Corollary 15.51 
Let / be the family of all finite collections of pairwise disjoint elements of S with finite measure, 
ordered by tt± ^ TT2 if and only if each element in 7Ti is a union of elements in ir^. Then / is a directed 
set. For it E I, we write Z„ for the subspace of Z = L p ([i,X) consisting of all simple functions 
supported in the elements of it . Now, for every it £ I, the subspace Z v is isometrically isomorphic to 
£ p n (X)-space (to is the number of elements in it, see Lemma II. 2.1] for the case p = 1 and a finite 
measure, but the proof is the same in the general case), it is one-complemented by the conditional 
expectation associated to the partition tt and, finally, the density of simple functions on L p (/j,, X) gives 
that Z = U TeI Z„. Then, Theorem 15 . f I applies and it follows that 

n(L p {pL,X)) > limsupn(Z 7r ) ^ inf n(CPO) = n(£ p (X)). □ 

7r£/ m£N 

Remark 6.3. Let us comment that the proof of Proposition 16. li b given here can be heavily simpli- 
fied for concrete measure spaces for which Lemma 16.21 can be avoided. For instance, the fact that 
n(L p [0, 1]) = n(£ p ) follows immediately from Corollary 15. 21 fusing the Haar system as monotone basis 
ofZp[0,l]) and Corollary 03] (using that L p ([0,l},£ p ) = L p [0, 1]). 
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